BIANCHI'S BACKLUND TRANSFORMATION FOR HIGHER DIMENSIONAL 

QUADRICS 



ION I. DINCA 



Abstract. We provide a generalization of Bianchi's Backlund transformation from 2-dimensional 
quadrics to higher dimensional quadrics. The starting point of our investigation is the higher 
dimensional (infinitesimal) version of Bianchi's main four theorems on the theory of deformations 
of quadrics and Bianchi's treatment of the Backlund transformation for diagonal paraboloids via 
conjugate systems. 
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1. Introduction 
In 1859 the French Academy posed the problem: 

To find all surfaces applicable to a given one. 



It became the driving force which led to the flourishing of the classical differential geometry in the 
second half of the XIX"^ century and its profound study by illustrious geometers led to interesting 
results (see Bianchi Darboux [TUj, Eisenhart [II],[Ilj, Sabitov [Hj and its references for 

results up to 1990's or Spivak ([H], Vol 5)). Today it is still an open problem in its full generality, 
but basic familiar results like the GauB-Bonnet Theorem and the Codazzi-Mainardi equations (in- 
dependently discovered also by Peterson) were first communicated to the French Academy. A list 
(most likely incomplete) of the winners of the prize includes Bianchi, Bonnet, Guichard, Weingarten. 

Key words and phrases. Backlund transformation, Bianchi Permutability Theorem, (confocal) quadrics, common 
conjugate systems, (discrete) deformations in C'^"~^ of quadrics in C"+l, The Met/iod of Archimedes. 
Supported by the University of Bucharest. 
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Up to 1899 deformations of the (pseudo-) sphere and isotropic quadrics without center (from 
a metric point of view they can be considered as metricaUy degenerate quadrics without center) 
together with their Bdcklund (B) transformation and the complementary transformation of de- 
formations of surfaces of revolution were investigated by geometers such as Backlund, Bianchi, 
Darboux, Goursat, Hazzidakis, Lie, Weingarten, etc. 

In 1899 Guichard discovered that when quadrics with(out) center and of revolution around the 
focal axis roll on their deformations their foci describe constant mean curvature (minimal) surfaces 
(and Bianchi proved the converse: all constant mean curvature (minimal) surfaces can be realized 
in this way). 

With Guichard's result the race to find the deformations of general quadrics was on; it ended 
with Bianchi's discovery [3] from 1906 of the B transformation for quadrics and the applicability 
correspondence provided by the Ivory affinity (ACPIA). 

Note also that Peterson's work on deformations of general quadrics preceded that of Bianchi, 
Calapso, Darboux, Guichard and Ti^eica's from the years 1899-1906 by two decades, but unfortu- 
nately most of his works (including his independent discovery of the Codazzi-Mainardi equations 
and of the GauB-Bonnet Theorem) were made known to Western Europe mainly after they were 
translated in 1905 from Russian to French (as is the case with his deformations of quadrics [13], 
originally published in 1883 in Russian). 

The work of these illustrious geometers on deformations in C'^ of quadrics in C"^ (there is no 
other class of surfaces for which an interesting theory of deformation has been built) is one of 
the crowning achievements of the golden age of classical geometry of surfaces (Darboux split the 
prize of the French Academy between Bianchi and Guichard for solving the problem for quadrics 
(Guichard had other results including the G transformation, but the G transformation turned out 
to be the composition of two B transformations) ; it was solved in the sense that solutions depending 
on arbitrarily many constants are produced by algebraic procedures once an 1-dimensional family 
of Riccati equations is presumed solved) and at the same time it opened new areas of research 
(such as affine and projective differential geometry) continued later by other illustrious geometers 
(Blaschke, Cartan, etc). 

Note that Calapso in 8J has put Bianchi's B transformation of deformations in C"^ of 2-dimensional 
quadrics with center in terms of common conjugate systems (the condition that the conjugate sys- 
tem on a 2-dimensional quadric is a conjugate system on one of its deformations in C"^ was known 
to Calapso for a decade, but the B transformation for quadrics eluded Calapso since the common 
conjugate system was best suited for this transformation only at the analytic level: to find the ap- 
plicability correspondence one must renounce the correspondence of the common conjugate systems 
provided by the Weingarten ( W) congruence in favor of the ACPIA) . 

In 1919-20 Cartan has shown in [9J (using mostly projective arguments and his exterior differ- 
ential systems in involution and exteriorly orthogonal forms tools) that space forms of dimension 
n admit rich families of deformations (depending on n{n — 1) functions of one variable) in sur- 
rounding space forms of dimension 2n — 1, that such deformations admit lines of curvature (given 
by a canonical form of exteriorly orthogonal forms; thus they have flat normal bundle; since the 
lines of curvature on n-dimensional space forms (when they are considered by definition as quadrics 
in surrounding (n -|- l)-dimensional space forms) are undetermined, the lines of curvature on the 
deformation and their corresponding curves on the quadric provide the common conjugate system) 
and that the codimension n — 1 cannot be lowered without obtaining rigidity as the deformation 
being the defining quadric. 

In 1979, upon a suggestion from S. S. Chern and using Chebyshev coordinates on IEII"(M) (the 
Cartan-Moore Theorem; they are the lines of curvature on and thus in bijective correspondence 
with deformations of ]HI"(K) in K^"~^) Tenenblat-Terng have developed in 16j the B transformation 
of H"(]R) in M^"^^ (and Terng in pTj has developed the Bianchi Permutability Theorem (BPT) for 
this B transformation). 
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In 1983 Berger, Bryant and Griffiths [5] proved (including by use of tools from algebraic geom- 
etry) in particular that Cartan's essentially projective arguments (including the exterior part of 
his exteriorly orthogonal forms tool) can be used to generalize his results to n-dimensional general 
quadrics with positive definite linear element (thus they can appear as quadrics in M"+^ or as 
space-like quadrics in M" x (iM)) admitting rich families of deformations (depending on n(n — 1) 
functions of one variable) in surromiding Euclidean space M^""^, that the codimension n ~ 1 can- 
not be lowered without obtaining rigidity as the deformation being the defining quadric and that 
quadrics are the only Riemannian rt-dimensional manifolds that admit a family of deformations in 
]^2n-i possible for which the exteriorly orthogonal forms tool (naturally appearing from 

the GauB equations) can be applied. 

The starting point of our investigation is the higher dimensional (infinitesimal) version of Bianchi's 
main four theorems on the theory of deformations of quadrics and Bianchi's treatment of the B 
transformation for paraboloids via conjugate systems. 

Similarly to Bianchi's original (pre-Ivory affinity) approach to the deformation problem for 
quadrics, when he made a link between deformations of diagonal paraboloids and the sine-Gordon 
equation, we shall consider first paraboloids, since the higher dimensional version of the sine-Gordon 
equation (namely Terng's generalized sine-Gordon equation (GSGE)) together with its B transfor- 
mation is already completed by Tenenblat-Terng and Terng has already completed the BPT in this 
case. 

Again just like Bianchi considered isothermic- conjugate coordinates on the quadric (that is the 
second fundamental form is a multiple of the identity) coupled with the conjugate system com- 
mon to the quadric and its deformation (the change between these conjugate systems provides 
the angle that satisfies the sine-Gordon equation and the ACPIA is best seen at the level of the 
initial isothermic-conjugate system on the quadric), we shall consider isothermic-coordinates on 
the quadric coupled with the conjugate system common to both the quadric and its deformation, 
since this interplay between the two systems of coordinates will make the deformation problem 
amenable to an attack strategy (the common conjugate system property provides the canonical 
form of exteriorly orthogonal forms). The B transformation will turn out to be similar in some 
aspects to that of Tenenblat-Terng (in fact at the level of the analytic computations it will obey 
the same equations) for (isotropic) quadrics without center, but of a more general nature and more 
importantly it will appear as a natural consequence of the ACPIA. 

Once some knowledge about the rigid motion provided by the Ivory affinity (RMPIA) is drawn, 
we shall use this (just as Bianchi) to provide a simpler proof without using common conjugate 
systems. 

All computations are local and assumed to be valid on their open domain of validity without 
further details; all functions have the assumed order of differentiability and are assumed to be 
invertible, non-zero, etc when required (for all practical purposes we can assume all functions to be 
analytic) . 



2. CONFOCAL QUADRICS IN CANONICAL FORM 

Consider the complexified Euclidean space 

(C"+\ <.,.>), <x,y>:^x^y, \x\'^ ■.^x'^x, a;,j/eC"+i 

with standard basis {ej}j=i^,,,^n+i, eje^ = Sjk- 

Isotropic (null) vectors are those vectors v of length (|wp — 0); since most vectors are not 
isotropic we shall call a vector simply vector and we shall only emphasize isotropic when the vector 
is assumed to be isotropic. The same denomination will apply in other settings: for example we call 
quadric a non-degenerate quadric (a quadric projectively equivalent to the complex unit sphere). 
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A quadric x C C""*" is given by the equation Q{x) := 
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A metric classification of all (totally real) quadrics in C"+^ requires the notion of symmetric 
Jordan (SJ) canonical form of a symmetric complex matrix. The symmetric Jordan blocks arc: 
Ji := = Oi,i e Mi(C), J2 := fifl G M2(C), Jg := fi^l + eg/f G M3(C), J4 := /i/J 
/2/|^ + /2/f G M4(C), J5 := /i/I + /2ei^ + 65/2^ + /2/f G M5(C), Je := 
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the blocks J2, J3 were known to the classical geometers). Any symmetric complex matrix can be 
brought via conjugation with a complex rotation to the symmetric Jordan canonical form, that is 
a matrix block decomposition with blocks of the form ajlp + Jp] totally real quadrics are obtained 
for eigenvalues aj of the quadratic part A defining the quadric being real or coming in complex 
conjugate pairs aj, aj with subjacent symmetric Jordan blocks of same dimension p. Just as the 
usual Jordan block Yl^j=\ ^j^J+i nilpotent with Cp+i cyclic vector of order p, Jp is nilpotent with 
/i cyclic vector of order p, so we can take square roots of SJ matrices without isotropic kernels 

{^alp + Jp := V^E^;o(|)«"'-^P' « G C*, := y^e^^ for a = re^'^ , < r, -tt < 29 < tt), 
two matrices with same SJ decomposition type (that is Jp is replaced with a polynomial in Jp) 
commute, etc. 

The confocal family {xz}zeC of a quadric xn C C"+^ in canonical form (depending on as 
few constants as possible) is given in the projective space CP"+^ by the equation Qz{xz) ■= 

0, where 

i) A = A'^ G GL„+i(C) SJ, S = e C"+i, C = -1 for quadrics with center (QC), 

ii) A = e M„_|_i(C) SJ, ker(A) = Ce„_|_i, B = — e„+i, C = for quadrics without center 
(QWC) and 

iii) A = A^ G M„_|_i(C) SJ, ker(A) = C/i, B = — /i, C = for isotropic quadrics without 
center (IQWC). 

From the definition one can see that the family of quadrics confocal to xq is the adjugate of 
the pencil generated by the adjugate of xq and Cayley's absolute C(oo) C CP" in the hyperplane 
at infinity; since Cayley's absolute encodes the Euclidean structure of C"+^ (it is the invariant 
set under rigid motions and homotheties of C""*""^ := CP"~''"^\CP") the mixed metric-projective 
character of the confocal family becomes clear. 

For Q(W)C spec(^) is unambiguous (does not change under rigid motions) but for IQWC it 
may change with {p + l)-roots of unity for the block of /i in A being Jp even under rigid motions 
which preserve the canonical form, so it is unambiguous up to {p + l)-roots of unity. 

We have the diagonal Q(W)C respectively for A = Ej+j^aJ^e^eJ, A = U- 
agonal IQWC come in different flavors, according to the block of /i : A — op -r ^j_p_|_]^u.j 
in particular li A = Jn+\, then spec(^) = {0} is unambiguous. Thus general quadrics are those 
for which all eigenvalues have geometric multiplicity 1; cquivalently each eigenvalue has an only 
corresponding SJ block; in this case the quadric also admits elliptic coordinates. 

There are continuous groups of symmetries which preserve the SJ canonical form for more than 
one SJ block corresponding to an eigenvalue, so from a metric point of view a metric classification 
according to the elliptic coordinates and continuous symmetries may be a better one. 

With Rz := In+i — zA, z e C\spec(A)~^ the family of quadrics {xz\z confocal to xq is given by 



-j=i«j ^e^ej; the di- 
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2{R-^BYxz + C + zB'^R-^B = 0. For z e spec(A)-i we obtain singular 



confocal quadrics; those with z^^ having geometric multiplicity 1 admit a singular set which is an 
(n— l)-dimensional quadric projectively equivalent to C(oo), so they will play an important role in 
the discussion of homographies H G PGL„+i(C) taking a confocal family into another one, since 
H~^{C{oo)), C(oo) respectively C(oo), H{C{oo)) will suffice to determine each confocal family. 



The Ivory affinity is an affino correspondence between confocal qnadrics and liaving good metric 
properties (it may be the reason why Bianchi calls it affinity in more than one language): it is 
given by = ^/R^xq + C{z), C{z) := -{^ {y/R^)-^d^v)B. Note that C(z) = for QC, 
= |e„+i for QWC; for IQWC it is the Taylor series of ^ JqW^ — w)~^dw at z = with each 
monomial z'^'^^ replaced by z'^^^J^fi, where Jp is the block of /i in A and thus a polynomial 
of degree p in z. Note AC{z) + (/„+i - ^/R^)B = = (/„+i + y/R^)C{z) + zB. Applying d to 
Qz{xz) = we get dx^ R~^{Axz + B) = 0, so the unit normal is proportional to := —2dzXz. 
If C"+i B xe x^,,x^^, then N^^ = R'^iAx + B); using R-^ - I^+i = zAR-\ ziR'^ - ZiR'^ = 

{z\ — Z2)Rzi^Rz2 we get = Qzi{x) — Qz^ix) = (zi — Z2)Nj'^N22, so two confocal quadrics cut 
each other orthogonally (Lame). For general quadrics the polynomial equation Qz{x) = has 
degree n + 1 in z and it has multiple roots iff = dzQz{x) = thus outside the locus of 

isotropic normals elliptic coordinates (given by the roots zi,...,Zn+i of the said equation) give a 
parametrization of C"^^ suited to confocal quadrics. 

We have now some classical metric properties of the Ivory affinity: with Xq,Xq G xq, Vq := 
xl — Xq, etc the Ivory Theorem (preservation of length of segments between confocal quadrics) 
becomes {V^l"^ = \x^ + x}, - C(z)|2 - 2(xO)^(/„+i + v^)xj + zC = jlfp; the preservation of 
lengths of rulings: WqAwq = Wq Nq ~ 0, = a/RTuiq w^Wz = |woP — zw^ Awi^ — |woP; 
the symmetry of the TC: {Vt^)'^ N^^ = (xJ])^A/Rr4 - B'^ i^l + x\ - C{z)) + C = {V^)'^ N^; the 
preservation of angles between segments and ruhngs: {V^Y'wq + {Vi)^w1 = —z{Nq)'^Wq = 0; the 
preservation of angles between rulings: (wq)-^wJ — {w^^Y' ^TrIw}^ = [uP^)^ ilj}^. the preservation of 
angles between polar rulings: {w^)'^ AiIuq = ^ (ui")-^«;" = ('^o)"^^^'o ~ •2(wo)"^Awq = {wq)^Wq. 

All complex quadrics are affine equivalent to either the unit sphere X C C"+^, |Xp = 1 or to 
the equilateral paraboloid Z C C"+^, {Ii ^Z — 2e„+i) = 0, so a parametrization with regard to 

these two quadrics is in order: xo = (\/A)^-'X for QC, xq = ( y^^4-H^^H~i"'5^^) "'^ 2' for QWC (for 
this reason from a canonical metric point of view (that is we are interested in a simplest form of 
jdxop) we should rather require that A^^ or [A + Cn+i^^+i)^'^ is SJ). 

For IQWC such a parametrization fails because of the isotropic ker(^): how(n'er the computations 
between confocal quadrics involving the Ivory affinity reveal a natural parametrization of IQWC 
which is again an affine transformation of Z . 

Consider a canonical IQWC x^(Axo - 2/i) = 0, ker(A) = C/i, A = Jp ® ... SJ. We are 
looking for a linear map L e GL„+i(C) such that xq = LZ^ equivalently AL = e^^/i^n, := 
/„+! - Cn+ie'^+i, i^/i = e^"e„+i. Replacing L with L{e~°-Ii^n + '^^"'',i+ie^+i) we can make 
a = 0. Thu s £e„+i = /i, L'^(A + /i/f )£ = I„+i, so L"! = R'^^A + fifi\ R^R = /„+i with 
Rcn+i = s/ A + fififi (note that Rcn+i has, as required, length 1). Once R G 0„+i(C) with 
the above property is found, L thus defined satisfies L'^/i = e„+i and thus AL = I\^n- L with 
the above properties is unique up to rotations fixing Cn+i in its domain and a canonical choice of 
R will reveal itself from a SJ canonical form when doing computations on confocal quadrics. We 
have LL'^ ={A + hfl)-\ /l,„L- l^/fl;L = h^^L-^^zLh^n = L-^y/R^L - en+xhsfRlL = 
LjAs/WzL = h^nVln+i - zLTA^L =: h,n^/K. ^ — L'^A^L, ker(A') = Ce„+i ® (CL-^{A + 
hllT^fi = Ce„+i ® CL^/i; choose R which makes A' SJ. Note that we can take for QWC 

L := A + e„+ie^_|_j^)^-'-, A' :— A, ker(y4.') = Ce„+i, so IQWC can be regarded as metrically 

degenerated QWC. Note that e^_^_iL~^y/R^L = (— /i^„L~^C(z) + e„+i)-^; this can be confirmed 
analytically by differentiating with respect to z and using (L^)~^ = AL — Be^_^_i and will imply the 

symmetry of the TC, but since wc have already proved the symmetry of the TC, we can use this to 
imply the previous. Thus L^^x^ = L-^y^LZ + L-^C{z) = h,„^/R/^Z + en+i{-h,nL-^C{z) + 
en+ifZ + L-'C{z), {xl - xS])^iVO = {L-^xl - ZoV{h,nZo - e„+i) = Z^h^^V^Zi + (^o + 
Zif{h,,,L-^Ciz) - e„+i) - el+,L-^C{z). Note that for IQWC \h,nL-^C{z)\^ = 2el+,L-^C{z), 
so L~^C{z) lies itself on Z (also in this case since fiJpfi = 6k p-i we have e^j^iL~^C{z) = 
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f^C{z) = _2p ' pic^ks up the highest power of z in L -"^(7(2)). To see this we 

need = \L-^C{z) - f'[Ciz)e„+i\^ - 2f^C{z) = C{zf {LL^)-^C{z) - if^C{z)f - 2flC{z) = 
C{zYAC{z)-2flC{z); using AC{z) = {In+i-y/K)fi and (I„+^ + ^)C{z) = zh it is satisfied. 

Note also that as needed later we have {L^L)~^ = A' — Ii ^L^^ BeJ^^i — e„_|_i(/i „L~^iJ)^ + 
\B\\n+iel+„ |iVo|2 = |(L^)-i(/i,n^ - e„+i)|2 = Z^A'Z + 2Z'^h,^L-^B + jBp, 
(7„+i + V^)7i,„L-iC(^) = h,nL-\ln+i + VR'z)C{z) = -zh,nL-^B. 



3. The Bianchi Truths 
We hold these (a-priori not-so-evident) Bianchi Truths to be self-evident: 

I (existence and inversion of the Backlund transformation for quadrics and the 
applicability correspondence provided by the Ivory affinity) 

That any deform,ation C C^"~^ of an n- dimensional sub-manifold Xq C xq (xq C C""*"^ C 
C^""-^ being a quadric) appears as a focal sub-manifold of an ( "("~^) _(- I) -dimensional family of 
Weingarten congruences, whose other focal sub-manifolds x^ = Bz{x^) are applicable, via the Ivory 
affinity between confocal quadrics, to sub-manifolds in the same quadric Xq- The determination 
of these sub-manifolds requires the integration of a family of Riccati equations depending on the 
parameter z (we ignore for simplicity the dependence on the initial value data in the notation Bz). 
Moreover, if we compose the inverse of the rigid motion provided by the Ivory affinity (RMPIA) 
{Rl,tl) with the rolling of Xq on x° , then we obtain the rolling of x\ on x^ and x^ reveals itself as 
a Bz transform of x^ ; 




iRj,tj){xl,dxl) := {Rjxl+tj,Rjdxl) = {x^,dx^), {Rj,tj) G 02„_i(C) k C^''-\ j = 0,1, 
(1) {RltD = {Ri,ti)-\Ro,to). 



II (Bianchi Permutability Theorem) 

That if x^ — i?2j(a;°), x'^ = Bz^ix'^), then one can find only by algebraic computations a sub- 
manifold Bz2{x^) = x^ = Bz^{x^); thus Bz^ o Bz^ = Bz^ o Bz^ and once all B transforms of the 
seed x'^ are found, the B transformation can be iterated using only algebraic computations; 

6 



^Z2 ~ (-^1' ^l)'^0 



\ 




/ 


\ 




/ 


\ 


/ 




\ 


/ 




\ 


/ 




^ ^ \ / 












\ / ^ / \ 






^ < / 


\ 




\ / 


\ 


/ 


)< 


K 




/ \ 


/ 


\ 




/ 


> 


/ ^ ^ \ / 












^ ^ / \ 







^2' ^2)'^0 



"> ^ ^ \ 



(i?g, tQ)XQ 



\ / 

(i?2, i2)'^0 



(-^3) ^3)*^0 



(i?2> ^2)'^0 



{Rj,tj){x^ ,dx^) = {xl,dxl), j = 0, ...,3, 
(2) (4, f^) = (i?fe, ife)-^(i?j , t,), (j, fc) = (0, 1), (0, 2), (1, 3), (2, 3), 

(-^0'*o)(-^2>^2) = (-^S'^s) = (-^^3' 4) (-^2 1*2)) (-Rl)*l)(-K3'4) = (-^2)4) = (-^2) *2)(-R3' 4)- 





a; 


3 


■< s- 




# 




B 




a; 


1 


-« >■ 



III (existence of 3-M6bius moving configurations AI3) 

That if x^ = Bz-i{x'^), x^ = B^^ix'^), x* = B^six'^) and by use of the Bianchi Permutabil- 
ity Theorem, one finds Bz^{x'^) = x^ = B^^ix'^), Bz^{x^) = x^ — Bz-^ix^), Bz2{x^) = x^ = 
B,,{x^), B,,ix-') = = B,,{x'') = x"' = B,,{x^), B,,{x-)^ x'"' = B,,{x^), then 

x''^ = x""^ — x'"^ —: x^; thus once all B transforms of the seed x° are found, the B transformation 
can he further iterated using only algebraic computations; 




IV (Hazzidakis transformation) 
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That if an n-dimensional sub-manifold x'^ C C'^"^^ is applicable to a sub-manifold Xq C xq 
and the homography H G PGL„+i(C) takes the confocal family Xz to another confocal family 
Xz, z = z{z), z(0) = 0, then one infinitesimally knows a sub-manifold x^ = H{x^) (that is 
one knows the first and second fundamental forms), called the Hazzidakis (H) transform of x'^ 
and applicable to a sub-manifold Jq C xq. Moreover the H transformation commutes with the B 
transformation (H o Bz = Bz o H) and the Bz{Sf ) transforms can be algebraically recovered from 
the knowledge of x^ and Bz{x^). 

Keeping an eye on 

(The Method of Archimedes) 

certain things first became clear to me by a mechanical method, although they had to be 
proved by geometry afterwards because their investigation by the said method did not furnish an 
actual proof. But it is of course easier, when we have previously acquired, by the method, some 
knowledge of the questions, to supply the proof than it is to find it without any previous knowledge' 

we ask ourselves what happens when the 'mechanical method' in question is the roUing. In 
this case 'first' means that the seed is in the particular position of actually coinciding with 
a^o — C C""'""'^ C C^"""'^: for n = 2 the leaves become rulings on a confocal quadric (Bianchi 
and Lie; in fact it is this small observation of Lie's for the pseudo-sphere that proved to be the 
essential tool used by Bianchi to develop the theory of deformations of quadrics, but the classical 
geometers did not investigate what becomes of Lie's powerful facets (pairs of points and planes 
passing through those points) approach when the leaf degenerates from a surface to a ruling). 

Thus the natural conjecture appears that the B transforms x^ (leaves) of x^ (seed) are rulings on 
quadrics Xz confocal to when x'^ = x^ <Z xq. An a-priori argument in favor of rulings on quadrics 
Xz confocal to xq being the leaves when x^ — Xq is the fact that in this case the leaves should be 
sub-manifolds of Xz', thus their tangent spaces should be contained both in the tangent bundle of 
Xz and in the distribution of facets; since facets intersect tangent spaces of Xz only along rulings 
of Xz the leaves should be rulings. Also rulings preserve their length under the Ivory affinity, so 
they should be naturally chosen by the RMPIA (the discretization of the infinitesimal version of 
the ACPIA). 

Due to the symmetries (in the normal bundle) of the rolling we get the 0„_i(C) x 0„_i(C) 
symmetries of the facets in the tangency configuration and due to the initial value data of the 
differential system subjacent to the B transformation we get the fact that for the deformation 
problem of n-dimensional quadrics in C'^""^ no functional information is allowed in the normal 
bundle. 

Since by rolling the position of the leaf x^ relative to the seed x^ is the same as the position of 
x\ relative to Xg, we get the fact that the tangential part of dx^ (relative to x^) is the same as the 
tangential part of dx\ (relative to Xq). Thus with := [N^j^-^ ... N2n-i\ orthonormal normal 
frame of x° and unit normal of xl we have \dx^\^ = \{dx^y\^ + \{dN°)'^{x^ - x°)\^ , \dxl\^ = 
\{dxiy\'^ + \{dN°)'^{xl - xSj)|2 and the ACPIA \dx^\^ = \dxl\^ becomes 

(3) \dxl\'-\dxl\'^\ 

(we augment the (n— l)-column 1-form —{dN'^)'^{x^ —x^) with the entry —i{dNQ)'^{xl — XQ) on the 
first position to get an n-column 1-form; thus the second fundamental forms are naturally joined). 

Equation ^ will turn out to be essential, since by the metric properties of the Ivory affinity the 
left hand side (Ihs) will be an n-dimensional symmetric quadratic form which is a square for 
proper choice of coordinates, just like the right hand side (rhs), so one obtains an equality ui — Rloq 
of n-column 1-forms (involving an a-priori arbitrary rotation matrix R C 0„(C)). 

However, at least for the first draft a coordinate-independent approach seems to stop here: to 
continue two sets of coordinates must be used in order to take full advantage of ([3]): a set of 
coordinates to express in a simplest form the Ihs and other for the rhs of ([3]), while keeping in 
mind meaningful formulae for changes of coordinates (the change of Christoffel symbols will turn 
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-^{dNSnxl-x<^,) 
~{dN°f{x^-x'^) 



out to be the main problem). For the Ihs we need to take into consideration only two cases of 
quadrics: the equilateral paraboloid (when the parametrization is the one that realizes xq as a 
graph) and the unit sphere (when the parametrization is given by the stereo-graphical projection; 
it is the projective transformation of the graph coordinates on the equilateral paraboloid under 
the projective transformation which takes the point at infinity on the e„+i-axis to the north pole); 
these parametrizations have the advantage of providing an isothermic-conjugate system on xq. For 
the rhs we shall use conjugate systems common to both Xq and a;", since they will considerably 
simplify the computations and will naturally fit for the deformation problem for higher dimensional 
quadrics, just as for 2-dimensional quadrics. 

The investigation of the first three Bianchi Truths respectively boil down when x° = Xq to 
the investigation of the first, second and third iterations of the tangency configuration (TC, SITC, 
TITC). The Bianchi Truths I - IV become respectively the Bianchi I - IV Theorems on confocal 
quadrics (some of the metric properties of the Ivory affinity between confocal quadrics and beyond 
the Ivory Theorem on the preservation under the Ivory affinity of lengths of segments between 
confocal quadrics were already known to other authors; for example Henrici's construction of the 
articulated hyperbolic paraboloid uses preservation of lengths of rulings under the Ivory affinity). 

Note that for n = 2 the Bianchi Truth III uses a theorem of Menelaus (in itself a co-cycle 
theorem), which is equivalent to the infinitesimal associativity of a loop group action. 

Since the dimensionality of the space of leaves should be independent of the shape of the seed 
(and thus should equal the dimensionality of the space of rulings), the two coincide (2n— 3 = liilLzi) ) 
without requiring multiplicities of rulings only for n = 2, 3. 

Note that the SITC for an edge of the Bianchi quadrilateral being infinitesimal infinitesimally 
describes the B transformation; thus the SITC encodes all necessary and sufficient information 
needed to prove the Bianchi Truth I. A similar statement holds for the BPT and the TITC. so 
the first three iterations of the tangency configuration contain all necessary algebraic information 
needed to develop the theory of deformations of quadrics, as expected (by discretization each 
iteration corresponds to a derivative, so each iteration encodes respectively the information in the 
tangent space, the Gaufi-Weingarten (GW) equations and the Gaufl-Codazzi-Mainardif-Peterson)- 
Ricci (G-CMP-R) equations). 

While a simple conjugation trick in the BPT provides a tool to obtain totally real deformations of 
the same metric type and in the same Lorentz surrounding space R™ x (ilR)^"^^^'", < m < 2n— 1 
as the seed from totally real seed without worrying about the intermediary leaves, a full discussion 
of the cases when both the leaf and the seed are totally real (thus they must be situated in the 
same Lorentz space) is not completed even for n = 2. 

4. The deformation problem for quadrics via common conjugate systems 

First we shall recall the notion of deformations of quadrics with common conjugate system and 
non-degenerate joined second fundamental forms, appearing in one of our previous notes concerning 
Peterson's deformations of higher dimensional quadrics. 

Consider the complexified Euclidean space 

(C™, <.,.>), <x,y >:= x^y, \x\^ := x^x, x,y gC^ 

with standard basis {ej}j=i,,,,^m, ^J^k = Sjk (we shall use m = n,n + l,2n — 1). 

We shall always have Latin indices /c, ^, ... e {1, n} (including for differentiating respectively 
with respect to u-' , u'^ , u' , ...), Greek ones a,/3,7, ... G {n + 1, ...,2n — 1} for x C C^"^^ (or a = 
for xo C C""*"^) and mute summation for upper and lower indices when clear from the context; also 
we shall preserve the classical notation d"^ for the tensorial (symmetric) second derivative and we 
shall use dA for the exterior (antisymmetric) derivative; thus dAd = 0. 

For n > 3 consider the n-dimensional sub-manifold 

X = a;(M^u^...,M") C C"+f, du^ Adu^ A... Arfu" ^0, p=l,n-l 
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such that the tangent space at any point of x is not isotropic (the scalar product induced on it by the 
EucUdean one on C"^^ is not degenerate; this assures the existence of orthonormal normal frames). 
We have the normal frame N := [Nn+i iV„+p], N'^N = Ip, the first |c?xp = gjkdu^ du'' and 
second d^x^ N = [h^^^du^ du^ ... h"^^du^ du*^] fundamental forms, the Christoffel symbols 

^jk = ^[i9jm)k + {9km)j - {9]k)m], the Ricmaun curvature Rjmki = 9mpR^ki = 9mp[(r%)i - 
{^^ji)k + ^%^^qi - ^ji^qkl tensor, the normal connection N'^dN = {n'^-du^a,i3=n+i,...,7i+p, n'^j = 
-n^aj ^i^d the curvature r^-^. = {n^aj)k - ("f fe)j + '^Zj'^^A: ~ ^ak''^'^j tensor of the normal bmidle. 
We have the Gaufi-Weingarten (GW) equations 

Xjk = r'^k^i + h%N„, (7V„), = -h'^j.g'^'xi + n^^^Np 
and their integrability conditions Xjki — Xjik, {Na)jk — iNa)kj, from where one obtains by taking 
the tangential and normal components (using — {g-'^)i = g''"^^mi + 9'^"^^ mi ^^'^ the GW equations 
themselves) the Gaufl-Codazzi-Mainardi(-Peterson)-Ricci (G-CMP-R) equations 

Rjmkl — ''^{h'jkhfjn — h'^lhkm)^ {^'jk)l ~ {f^'jl)k + ^^jk^ml ~ ^jlhmk + ^jk^Pl ~ ^jl^/Sfc 0' 
a 

^ajk — '>'3l9 ri'rak "-mj- 

If we have conjugate system /i"^, =: Sjkh", then the above equations become: 
Rjkjk = -Rjkk3 = ^J^k. {hj)k = rjfe/i" - r';^K - h^V^k, J ^ k, R^kim = O otherwise, 

a 

(4) T^^.hf = T'^iK, J, k, I distinct, rf^., = {hfh^, - h^jh^g^K 

In particular for lines of curvature parametrization [gj^ = Sjkgjk) we have flat normal bundle, so 
one can choose up to multiplication on the right by a constant matrix e Op(C) normal frame N 
with zero normal connection N'^dN = 0. 

Consider now x C C^"~^ deformation of Xq C C"^"'^ (that is |(ixoP = |da;p) with com- 
mon conjugate system (u^,...,u") and non-degenerate joined second fundamental forms (that is 
[d'^x^No d'^x"^ N] is a symmetric quadratic C"-valued form which contains only (du^)'^ terms for 
Nq normal field of xq and iV = [A'^„+i ... A^2n-i] normal frame of x and the dimension n cannot 
be lowered for (u^, ...,m") in an open dense set). 

By the argument of Cartan's reduction of exteriorly orthogonal forms to the canonical form such 
coordinates {u^}j exist for real deformations C K^""-'^ of imaginary quadrics C x (for such 
cases also all computations in the deformation problem will be real; see [2 ). However, since we 
shall derive completely integrable differential systems (systems in involution) for the deformation 
problem for quadrics, the dimensionality of the space of deformations of quadrics remains the same 
(namely solution depending on n{n — 1) functions of one variable) in the complex setting also (the 
Cartan characters remain the same). 

The common conjugate system with non-degenerate joined second fundamental forms assumption 
amounts to the vectors hj := h"^^ ... being linearly independent. From the Gauf5 

equations we obtain h'jh^ — Rjkjk = J^a^f^k' i 7^ ^ hjhk = Sjk\hj\'^; thus the vectors 
hj C C" are further orthogonal, which prevents them from being isotropic (should one of them be 
isotropic, by a rotation of C" one can make it fi (0„(C) acts transitively on the isotropic cone) 
and after subtracting suitable multiples of /i from the remaining ones by another rotation of C" 
the remaining ones linear combinations of 63, ...,e„, so we would have n — 1 linearly independent 
orthogonal vectors in C"~^, a contradiction), so a.j :— \hj\ ^ 0, hj =: SLjVj, [vi ... C 0„(C). 

Note that the linear element must satisfy the condition 

r^-fe = 0, j, k, I distinct 
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and deformations a; C C^"^^ of xq C C"+^ with common conjugate system and non-degenerate 
joined second fundamental forms are in bijective correspondence with sohitions of the differential 
system 

(5) (loga,),. = rj„ fc, E ^ + 1 = 0- 

Once a solution of this system is known, one finds the second fundamental form of x and then 
one finds x by the integration of a Ricatti equation and quadratures (the GauB-Bonnet (-Peterson) 
Theorem). 

Note that with jjk := ^jjjfi^ 3 ¥^ ^ the condition 

(6) iljkjj = {lkj)k = {lij)k = Hlijlik - liklk] - li]l]k), j, fc, I distinct 

is necessary and sufficient to get a maximal {{n— l)-dimensional) family of Peterson's deformations 
X of xo with common conjugate system (m^, ...,u") and non-degenerate joined second fundamental 
forms; it is invariant under transformations of the variables into themselves, so it is a statement 
about curves of coordinates (u^, u-', w") =ct, j = l,...,7i. 

4.1. Deformations of (isotropic) quadrics without center. 

For the specific computations of deformations of quadrics we shall use the convention C" C 0"+""^ 
with on the {n + 1)'^ component; thus for example we can multiply {n + l,n + l)-matrices with 
71-column vectors and similarly one can extend (n, n) matrices to {n+l,n+l) matrices with zeroes 
on the last column and row. The converse is also valid: an (n + 1, 7i -I- 1) matrix with zeroes on 
the last column and row (or multiplied on the left with an n-row vector and on the right with an 
n-column vector) will be considered as an (n, n)-matrix. 

With V :~ X]fc=i ^'^^fe = ■■■ i'"]"^ consider the complex equilateral paraboloid Z = 

Z(i-i,...,i;") = l/+^e„+i. 



We have the (I)QWC a;o := LZ, L € GL„+i(C) (recafi L := (y^^ + e„+ie^+i)~\ ker(A) = 

Cen+i,A S3, B = -e„+i for QWC and Le„+i = /i, L'^{A + fJl)L = /„+i, A' := L^A^L 
SJ for ker(A) — C/i,A SJ, B = —fi in the case of IQWC) with linear element, unit normal, 
second fundamental form and Christoffel symbols jcixop = dV^ LdV + (V'^ dV)'^\Len+i\'^ + 
2{Le,,+,rLdV{V^dV), N, = N^d^x, = -M^, H := \{L^)-^V - B\^ = V^A'V + 

2V'^L-^B + f^.^, = 0, j 7^ k, r'^j = Note that we have a distinguished tangent 

vector field Vo := J2k=i ^^°dJ^ ^Ov'' = {xov:iviV = ^^^o + Lcn+i; it has the property dx^vJ = 
Vodv^ -NodN^XovJ. 

The condition ^ that (w^,...,w") are common to a Peterson's {n — l)-dimensional family of 

deformations becomes = -2 ^%lf" ^'f^f" , j ^k^ ejA'et = 0, j ^ fc, so the first 

(n, n) entries of A' must be a diagonal matrix. 

Because (w^,...,w") are isothermal-conjugate and (u^,..,u") are conjugate on xq, the Jacobian 
0(^1* orthogonal columns, so with \j := \§^\, A :— [Xi ... Xn]"^ , S :— diag[du^ ... c?u"] 

we have dV — RSA, R C 0„(C). Multiplying the formula for the change of Christoffel symbols 
^^k = Ml^ + ^§^Kb = + on the left with and summing after ewe 

obtain = X-^ij:^§^^£, + X^^S,,(logVH)p) = 6pk(logXk), +S,S^i\og^\ + 6p,i\ogX,)„ 

so P^:, = (logA,)fc, P^^. = ^(log^)fc, J + k, P^ - (log(AjVi?)),. We have - -^; since 

(log Aj)fc = Pjj, = (logaj)fe, j ^ k we get Xj = 4>j{u^)aj; after a change of the variable into itself 
we can make Xj = a^, j = 1, ...,n, so from ^ |Ap = -H and A^dA = -dV'^{A'V + L'^B) = 
-A^SR^iA'V + L-^B). 
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Imposing the compatibility condition R^d/\ on dV = R6h. we get EFdR A (5A — (5 A dA = 0, 
or {\j)k = ej R'^ RjCkXk, j 7^ k, eJ^-j^Ck = ef ^^^'^ ej, j,k,l distinct. Now by the standard 
Cartan trick -ej^f^e, = -e^^e, L ef^e, = ef^e, = -ej^e, = -ej^e, = 

e^-^j^Cj for j,k,l distinct, so ej R^ Rkei — for j,k,l distinct. Keeping account of the prime 
integral property A^[dA+(5i?^(A'V^+L-iS)] = and with := Y.]Li{ejeJ R'^ RjS+6R^ RjCjeJ) = 
—uj^ we have dK ~ luK — 5R^ {A'V + L^^B) and d A c?A = becomes the differential system 

d Auj - oj Auj = -SR'^A'R as, llJ AS- 5 a R^ dR = ^ 

e^[{R^Rj)j - {R^Rk)k - J2 R^RieiefR^Ri + R^ A R]ek = 0, j ^ k, 

I 

(7) ejR^RiCk = for j, k, I distinct, R C 0„(C) 

in involution (that is no further conditions appear if one imposes dA conditions and one uses the 
equations of the system itself) as the compatibility condition for the completely integrable linear 
system 

dV = RSA, dA = uA- SR^{A'V + L-^B), A^A = -{V'^A'V + 2V'^L-^B + [Bp), 

n 

(8) u) := Y^ie^ejR^RjS + SR^RjCjeJ). 

The differential system ([7|) is similar in some aspects to that of Terng's GSGE; in fact for n = 
2, A := diag[a^^ a^^ 0] and a normalization a^^ — a^^ = 1 it is the sine-Gordon equation, but 
the quadratic dependence on R in the first equation for Terng's GSGE is only along the first column 
Rei since a similar phenomenon appears in the definition of uj. 

Note that given a solution of ([7]) ([5]) will produce an (n — l)-dimensional family of deformations 
X C C^"~^ (the prime integral property removes a dimension and translations in another n from 
the original 2n-dimensional space of solutions). 

One can probably directly analytically develop the B transformation and its BPT of ([7|), but 
we shall not insist on it now, since it will appear naturally at the level of the geometric picture 
from the B transformation of quadrics. Note however that one can deduce at this point that for 
the first (n, n) entries of A' being a diagonal matrix the 0-soliton i? = /„ of ([7]) will produce 
Peterson's deformations of quadrics and A with some entries zero will produce degenerate solutions 
(including 0-solitons of paraboloids), so these Peterson's deformations of quadrics will be amenable 
to explicit computations of their B transforms (at each iteration of the B transformation the (n — 1)- 
dimensional family of solutions obtained form the passage of solutions of ([7]) to solutions of ^ will 
be heirs of the original {n — l)-dimensional family of Peterson's deformations of quadrics), but this 
is not our interest right now. 

4.2. Deformations of quadrics with center. 

With V := Y^'k^i'^'^Gk = [v^ ... w"]"^ consider the complex unit sphere X — X(w^, w") = 

We have dX = 2i^^^±^^^^)%±i^, so \dX\^ ^ 

With A = A^ e GL„+i(C) SJ, H := X^AX we have the QC xq = {^/A)-^X with linear 
element, unit normal, second fundamental form and Christoffel symbols |c?xop — dX"^ A~^dX, Nq = 
VAX ktTm _\dxt fi _o 1 A- /distinct f^' - d\og(\v\^+i) fk _ d\oir(^(\v\^+i)) 



■/H 



k, fj - — — ^Sm. Note that we have a distinguished tangent vector field Vo := J2k=i ^^°djf^ ^Ov'' 
= ( \ v \ '^+iyi ~ ^0)' ^* property dxovi = _ ^'°g(l|^J dxo - dlogd^p + l)xoyj + (Vo + 

sr^n aiog(|y|^+l) ^ , J M^rlN'^T ■ 

Because (w^,. ..,«") are isothermic-conjugate and (it^,..,u") are conjugate on xq, the Jacobian 
M") orthogonal columns, so with Xj := \§^\, A := [Ai ... A„]^, S :— dia.g[du^ ... du"-] 



we have dV = RSA, R C 0„(C). Muhiplying the formula for the change of ChristofFel sym- 
bols f^r' = + I4l4f^h on the left with and summing after c we obtain T^,, = 

J_/v^ dv" d^v" I dv" dv' 'I - A , Hnr \ I X Hnr V I , Hnr ^^l^l^ + ^h 

A2>-Z^c OttP a«J9ti'= ~^l^c duP dui duk'^ab) " "pfc U^B | v|2 + i -t-Opj l^lUg |^|2_^^ Jfci-Ojfc ^2 (,iOg 

so r], = (log^)., r^^. = |(log^^^(^),, J ^ fc, r^,. = (log^),. We have = 
7g(7yp+i)2 ; since (logp^^)fc = Tjj^ = (logaj)fc, j ^ k we get p^^f^ = 0j("^>j; after 



a change of the variable into itself we can make i-^^^^j^ = slj, j = l,...,n, so from ^ 
|A|2 = -H{\V\^ + 1)^ and A^dA = -2dF^(/i,„ + ^e^+i)yl(2y+(|y|2-l)e„+i) = -2A^<5i?^(/i,„ + 
ye^+i)v4(2F+ - l)e„+i). Thus again with uj := T^'^^iiejeJ RjS + 5R^ RjejeJ) = -w^ we 
have dA = cjA - 2(5i?^(/i_„ + Ve'^^i)A{2V + {\V\'^ - l)e„+i) and imposing d A dA = we obtain 
the differential system 



dAuj-iuAuj^ -ASR^ (/i^„ + ye„+i)A(/i,„ + Cn+iV^ )RAS, to A S - d A R^ dR = 0, 

r 



dV = RSA, dK = uK- 2SR^{h,„ + Vel+^)A{2V + {\V\^ - l)e„+i), 



A^A - -{2V + - l)er,+ifA{2V + (1^1^ - l)e„+i), 

71 

(9) w := Y^{eje^R^RjS + SR'^RjCjeJ), R C 0„(C) 

in involution (that is no further conditions appear if one imposes dA conditions and one uses the 
equations of the system itself). 

5. The Backlund transformation 

5.1. (Isotropic) quadrics without center. 

Recall that the Ivory affinity between confocal (I)QWC is given by = ^/R^xq + C{z) = 
y^.LZ + Ciz) = L(/i,„/RiZ + e„+i(-/i,„L-iC(z) + Cn+ifZ + L-^C{z)), R, /„+i - 
zA, C{z) := -{^J^{^/R^)-^dw)B,A SJ, ker(A) = Ce„+i, B = -e„+i for QWC, ker(yl) = 

C/i, B = -fi for IQWC. Also L (y^A + e„+ie^_^i)-i for QWC and for IQWC L satisfies 

Len+i = /i, L^(A + /i/f )i = /„+i, A' L'^A^L = /i,„(L^L)-i/i,„ SJ. 
Consider two points Xq, a^o G such that Xq, x], are in the symmetric TC 

= [Kfixl - xl) ^ V^^^V, ~ M±M + iv, + V,fL-^C{z) - el^,L-^C{z) = ^ 

\yW,Vi-Vo+Il,nL-'Ciz)\^ ^-zHi^ = X° + [xjj^i ... X°„„](^/i?iT/l-l/o + /l,ni^'C(0))• 

(10) 

All these algebraic identities (and other needed later) boil down to those established when a 
parametrization on (I) QWC was introduced. Thus among the 2n functionally independent vari- 
ables {wq, i'i}j=i,...,n a quadratic functional relation is established and only 2n — 1 among them 
remain functionally independent: 

(11) dV^i^.Vi -Vo + h^nL-'C{z)) - -dV^i^Vo -Vi+ h,nL-^C{z)). 

Given a deformation x^ C C^"^^ of (that is |(ia;°p — \dx^\'^) with orthonormal normal frame 
N'^ :— [N'^j^i ... A^^n-i] consider the n-dimensional sub-manifold 

(12) + ... a;°,.](/R^Fi - + /i,„i"'C(z)) C C^^^i 

(that is we restrict {wi}j=i,...,n to depend only on the functionally independent {wo}j=i,...,n and 
constants in a manner that will subsequently become clear when we shall impose the ACPIA). 
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Using dx°, = V^dvl - N°{dN°)^x°, and ^ we have 
dxl = [-Vj^i^MVo -Vi+ h.nL~^C{z)f 



dx^ - [-V"(v/i!^Fo ~Vi+ h,r.L-^C{z)f + [x° 



^MV^-N^idN^fixl-x^o), 
fW^dVi - N°{dN°f{x^ - x"). 
(13) 

Since our intent is for x^ to be a B transform (leaf) of the seed we impose the ACPIA \dx^ 



\dxl\'. 



Keeping in mind \dxz\ 



= \dxo\'- 
z\dVi\^ = 



z\dV\'^ we obtain 

~^idNSnxl-x",) 
-{dN°)^{x^ -x°) 



We take advantage now of the conjugate system (u^,...,u") common to Xq,x^ and of the non- 
degenerate joined second fundamental forms property; according to the principle of symmetry 
^ 1 we would like (u^,...,u") to be conjugate system to both x^ and Xq and also that the 
non-degenerate joined second fundamental forms property holds for Xq 



We augment the column vector 

-^{dN^f{xl-x'',) 
-(d7V")^(a;i -:eO) 



try to obtain 



{N^ridxi, 

a(u\...,M") 



UXq^„ 

dx?.J 



{dN°f{x^ - X 
^z(iV°)^[dx°,j 

(/R^Fi -Vo + 



0' • 



with — 



... 

h,,,L-'C{z)) 



i{dNl^)'^{xl - a;g) as the first en- 

lr;yi -Vo + h,,L-^c{z)) = 



5odiag[Aoi(iu^ ... Ao„du"] 



^(/R^Fi - Va+h,nL-^C{z)) = Sn5Rl{^,Vi 



Vo + IunL-^C{z)), where 5*0 C 0„(C) 
is the orthogonal matrix with columns ^Qj^[ih^ ^k^^ ■■■ {^k}k: {^ifclfc^a sue the sec- 

ond fundamental forms of x'^,x° and = ^oAq. Thus dVi = — ^MiSoSR^ {^/W^i - 



Vo + IunL-^C{z)) = Ml C 0„(C), Ri AhSo C 0„(C), Ai := ^^rT^^^^ - Vo + 

Ii,nL^^C{z)). For the prime integral property |Aip = -Hi we have \^/R/^Vi~VQ+Ii^nL^^C{z)\'^ = 
—zHi. Note that 5*0 is undetermined up to multiplication on the left with i?' C 0„(C), R'ei = ei, 
so the same statement on the right holds for Mi, but MiSq is well defined. 

Assuming that Vi, Ai can be found with the properties needed so far, ([5]) is satisfied and the 
existence of the B transformation is proved, provided we exhibit an explicit algebraic transformation 
of the solution Vq, Aq of ([8]) to the solution Vi, Ai of the same system, with the transformation 
matrix depending only on the orthogonal Rq , Ri solutions of ([7]) : this dependence will reveal the 
analytic B transformation between solutions Ro,Ri of ([7]). 

We have 



(14) 



yji?iAo = /rT^o -Vi+ Ii,nL-^C{z), 
-yii?oAi = -Vo + Ii,nL-^C{z) 



(the symmetry (0, ^/z) ^ (1, —\pz) is required by (fTTjl V From the first relation of (fT4|) we get V\ 
as an algebraic expression of Vq, Aq; replacing this into the second relation of (fT4|) we get Ai 
as an algebraic expression of i?o, Vq, Aq: 

Vi = /R^V^o + Ii.nL-^C{z) - V^RiAo, 
Ai = R^iy/^A'Va + Vl?r^iAo + V^Ii,nL-^B). 



(15) 

Differentiating the first relation of (fT5|) and using the second we get Rl5R]^{^/zA'VQ + ^/R^RiAq + 
^/zIi^„L~^B) = ^/W^Ro5Ko-^/z[dRiKQ + Ri{u)oKo-5Rl{A'Vo + L-^B))], or the Ricatti equation 



(16) 
in Ri. 



dR\ — Ri^jjQ 



RiSR^DRi - DRoS, D 
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Again this is similar to Tenenblat-Terng's B transformation in Terng's interpretation. Imposing 
the compatibility condition dA on (jl6p and using the equation itself we thus need: — —{Riloq + 
RiSRlDRi 

3T 



DRq5) ALUo + RidAujo- {Riluq + Ri6R^ DRi 



DRqS) a SRlDRi - i?i<5 A dR^ DRi + 
RiSR^'D A {RiUjQ + RiSR^ DRi - DRo5) - DdRo A 5 = -Ri(-t^o A coq + d A coo + SR^A'Ro A 
5) + DRo{5 A Wo - RodRo A 5) - Ri{uJo A S - 5 A R'^dRo)RoDRi = because Rq satisfies (0. 
Therefore (|16p is completely intcgrable and admits solution for any initial value of Ri. If the 
initial value is orthogonal, we would like the solution to remain orthogonal: d{RiRj ^ In) = 
dRiRl + RidRl = -{Riujo + RiSR^DRi - DRod)Rj - Rii-ujoRj + RJ'DRqSRJ' - SR^D) = 
—RiSRqD{RiRJ — In) — {RiRf — In)DRoSR'[ , so RiRf — In is a solution of a linear differential 
equation and remains if initially it was 0. The fact that i?i is itself a solution of ([7]) follows from 
the symmetry (0, y/z) <->(!, —\fz) and the fact that d A dRo = (basically we use the converse of 
the proven results). 
Summing up: 

Given Rq C 0„(C) solution of ^ and Ri C M„(C) solution of the Ricatti equation Iil6\). then 
Ri remains orthogonal if initially it was orthogonal and in this case it is another solution of ^ 
(thus producing an (lillL^Jl -|_ l^- dimensional family of solutions). Moreover ifVo, Aq are solutions 
of (0) associated to Rq (thus producing a seed deformation C C^"^^ of Xq), then Vi, Ai given 
by 



(17) 



'Vi 
Ai 



In 







^0 



D 
A' 



-In 

D 



In 






Ri 



Vo 
Ao 



Il,n 



D 



are solutions of 0) associated to Ri (thus producing a leaf deformation C C^"^^ of Xq) and we 
have the symmetry {0,^/z) ^ (1,— y^). 

Again one can easily develop the algebraic formula of the BPT at the level of algebraic trans- 
formation p?| of solutions (flB)) and then prove that indeed it induces the BPT of solutions of 



0: 

A' 
(18) 





R2RJ 



-RsRq 



DiR^Rq 



D2 
A' 

A' 



—R3R0 
D2R3R0 

—R2Rf 
D2R2RJ 



A' 



-In 



-RiAo 



Il,n 



nL~^B 



Il,n 
Il,nL^^B 



\/Z2 



) 

















+ 




) + ^ 






RiAo 




Il,nL^^B 


Il,nL^^B 



R3R0 



= {D2 - D,R2Rj){D2R2Rl - D,)- 



The formula thus established the remaining part will follow in a manner similar to Terng's approach. 
First we need RsR'^ C 0„(C), which follows from (D2 - R2RI Di){D2R2RT - Di) = {R2RID2 - 
Di){D2-DiR2Rl). 

Therefore we only need to prove that R3 given by (fT8)) satisfies p6| for {Ro,z) replaced by 
(i?i,Z2), (i?2,-Zi); by symmetry it is enough to prove only one relation. Since —dRi — Riluq + 
Ri5RlDiRi - DiRqS, -dR2 = R2UJ0 + R.25RID2R2 - D2R0S, we get d(i?2i?f ) = -{R2i^a + 
R25RID2R2 - D2Ro5)Rl - R2i-u;oRj + RJDiRoSRJ - SR^Di) = ~{R2RJ)Ri5RI{D2R2RT - 
Di) + {D2 — R2RJ Di)R[)5RJ . Thus if we prove the similar relation d{R^l(^) 
-{R3Rl)Ro5Rl{D2RzRl+Di) 
D1R16 we obtain what we want 



-{D2+R3RiDi)RiSRo , 



-dRs = R3UJ1 



, then since ~dRo — Rouji—RqSRJ D1R0+ 
R3SRID2R3 ~ D2R15. Differentiating ^ we 



get d{RzRl){D2R2RT - Di) = -{R3R^D2 + Di)d{R2Rj); thus we need to prove 
[-{R3R^)RoSR^iD2R3R^ + Di) + {D2 + R3RI Di)Ri5RI]{D2R2RT - Di) = ^{R3R^D2 + 
Di)[-{R2Rj')RiSR^{D2R2Rj ~ D\) + {D2 - R2Rf Di)RoSRf]. The terms containing RiSR'^ 
become D2 + RsRqDi = {R3RQD2 + -Di)i?2-Rf which follows directly from p8| and the terms 
containing RqSRI become Rq5RI{D2Rs.RI + Di){D2R2RT-Di) = {R^R'^)^ {R^R^ D2 + Di){D2- 
R2R'[Di)RodRf which follows from (£12^3^0 + Di){D2R2Rf - Di) = Dj - ^ {j^ ~ ^)/„ = 
{R3Rl)'^{R3RlD2 + D^){D2-R2RTD^). 

To prove the existence of the M.p configuration we need only prove the existence of the M.3 
configuration (discrete deformations in C^"^^ of xq will be obtained by considering Z" lattices of B 
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transformations which are subsets of infinite Mobius configurations, similarly to Bobenko-Pinkall's 
approach [7]). 

Consider {DiD2)-^[iDl - D^)DiRi{DiRi - D2R2)-^ - Dj] = R^Ro^ = {DiD2)-^[{Dl ~ 
Dl)D2R2{DiRi - D2R2)~^ ~ D^], R^R^^ = {DM-^HDj - Dl)DiRi{D:,Ri - D^R^)~^ - 
Dl], ReR^' = {D2D3)~^[{Dj--Dl)D2R2{D2R2-D3R4)-^ -Dj]; thuswitha := [Dl-Dl)DiRi + 
{Dl - Df)D2R2 + {Dl - Dl)D:,R^ we have {D2RzR^^ - D^R^RoY^Ri = [{Df - Dl){DiR^ - 
D2i?2)"^ - {D'l - Dl){Dj,Ri - = {DiRi - D2R2)^^^{DzRi - £>ii?i) and similarly 

{DsReRo' - DiR3RoY^R2 - {D^Ri- D2R2)a-\D2R2- DaR^). Now „ £,2)^^^^^-! 

(i?2i?3i?o ' - DsRr^R-^y^R, ~ DjRi] = {DID2R2 - DlDiRi)U-\Dl - Dl){D^Ri - D^R^) - 
D^DiRi = {DlD2R2-DlDiRi)U-\Dl-Dl){D2R2-D^Ri)-DlD2R2 = D2[{Dl-Dl)DiR^R^^ 
(D-^RqRq^ — Dii?3i?Q ^)~^i?2 — DIR2], SO the very Ihs and rhs provide the good definition of and 
afford themselves the name D1D2D3RJ. 

We shall now show that the facets dx^, rigidly transported by rolling to facets centered at x], 
when x° rolls on Xq, will cut the tangent spaces of xl along rulings. 

In this case it is useful to extend the orthonormal normal frame with a column vector on 
the left and call the extended 'orthonormal normal frame' thus obtained still orthonormal frame; 
all computations will remain valid as long as one uses transpose instead of inverse. The facet dx^ 
will be transported to the facet dxl + N^{dN^)'^{xl - x^) + ^/z[0 e„+2 •■• e2n-i]MdVi = 

([xl ... xl,^] + ^i^,Vo-Vi+Ii.nL-^C{z)y + ^[0 Nl^ e„+2 ... e2n-i]M)dVi, dVi = 
-^RiSR"^ {^yR^Vi — Vo+Ii,nL~-^C{z)), where M C 0„(C) is determined up to multiplication on the 
left with an orthogonal matrix which fixes ei (due to the indeterminacy of the rolling in the normal 

bundle) by M-^ei = ±i " ^ — (because of the ACPIA requirement z{ej MdVi)'^ = 

-[{dN°)'^{xl ~ = --^((yi^Fo -Vi+ h,aL-^C{z)fdVif). The vectors of the facet are 

obtained by replacing 5 with diagonal constant matrices A; let A' Ai?J(-y/^Vi — Vo + 

Ji,„L-iC(z)). Thus we need ejMA' = 0, j = 3, ...,n, so MA' = e^fMA'ei + ef'MA'e2; from 
{ND'^w = we obtain ejMA' = zLiefMA'; after scaling we obtain w = zt[x]^^i ... xl^n]{ei ± 

iM'^e2). Now the condition ARj^w = that w is a ruling on xl, becomes |ei ± zM'^e2p = 
and it is thus satisfied. 

Now the notion of W congruence for n = 2 requires that the asymptotic directions on the two 
focal surfaces correspond, so the natural generalization for n > 3 is that the asymptotic directions 
on the two focal sub-manifolds x'^,x^ should correspond. An asymptotic direction v = a^Xj must 
satisfy a^a'^h'^f, = 0, a = n + 1, ...,2n ~ 1; in our case (restricting to conjugate system) we need 

^^ (a-' )^Aj = 0; keeping account of the orthogonal properties of the non-degenerate joined second 
fundamental forms we get = ±1 and thus they are the same for x^ ,x^ . 



5.2. Quadrics with center. 

Recall that we have the Ivory affinity x,, = y/Rl{-sfA)-^ X , X = '2V+(\v?-i)e„+i 



\v\-^+i 



Note 



k=l 



Consider two points Xq, Xq S xq such that Xg, x\ are in the symmetric TC 
{xl - x°)^< = ^ Xl^Xo = l^xl=x"„+ + J2 ^I^-X^ 



(19) 



fc=i 

|2 1 \„ \T I r> /OTA I /'ITA |2 1 ^„ N ('|TA_ |2 I 1 \l\\r |2 



(21^0 + {\y^V - l)e«+i)' V^.(2yi + {\ViY - l)e„+i) - (IK)!' + + !)• 
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Thus among the 2n functionally independent variables {wgi ^i}j=i - -,n ^ quadratic functional rela- 
tion is established and only 2n — 1 among them remain functionally independent: 



(20) 
Give 

(21) 



Given a deformation a;° C C^"^^ of Xq (that is |cix°p 



IdxQp) with orthonormal normal frame 



2n-iJ consider the n-dimensional sub-manifold 
.i_.o , i\Vo\' + l? " 



E 

k=l 



X^ ^/R^XQ^kX^t, C C 



2n-l 



(that is we restrict {w^}j=i,...,n to depend only on the functionally independent {wQ}j=i....,n and 
constants in a manner that will subsequently become clear when wc shall impose the ACPIA). 

Using = _ aiog(rv|P+i) ^^o_^ipg(|^^|2^i)^o^^^(vO^^»^^ aiog(^^^o^)^„fc_^0(^^0)T^o^^ 

and we have 



(22) 



(|VbP + l)^ 



A,-l 
n 



k=l 



Since our intent is for x^ to be a B transform (leaf) of the seed we impose the ACPIA \dx^ 



Idxpl . Keeping in mind ~ \dxo 



zldXA 



\dX\'^ we obtain 

-zidN^fixl-x^,) 
-{dN°)^{x^ -x°) 



We take advantage now of the conjugate system (u^, ...,u") common to Xq,x^ and of the non- 
degenerate joined second fundamental forms property; according to the principle of symmetry 1 
we would like {u^, u") to be conjugate system to both and x^ and also that the non-degenerate 
joined second fundamental forms property holds for Xq,x^. We obtain by computations similar to 
the (I)QWC case dVi = RiSAi, Ai (|Vi|^+i)(iyol''-n) j^Trj^T^^^^^ X^y/R^Xovr^f (note 

that the prime integral property |Aip = — i/i(|Vip 4- 1)^ is satisfied). 
Thus 



(23) 



Vii?oAi = (/i,„ + yoe^+i)/Rr(21^i + (iV^iP - l)e„+i) - V^{\Vi\^ + 1), 
-V^i?iAo - (/i,„ + Fie^+i)v/i?r(21/o + (|M)P - l)e„+i) - l^i(|K)|' + 1) 



(the symmetry (0, \/i) ^ (1, —y/z) follows from ((20)l V From the second relation of ((23)) we get Vi 
as an algebraic expression of Vq, Aq; replacing this into the first relation of (p3)) we get Ai as 
an algebraic expression of i?o, Ri, Vo, Aq: 



Vi 



yii?iAo + h,,^,{2Vo + (1^0 P - l)e„+i) 



/i?r(2yo + (|l^oP-l)e„+i)-|VoP 



Ai 



2i?^ 



(24) 



. {h,n + Voe^+i)[yiA(21/o + (|K)P - l)e„+i) - V^^K^i,™ + e^+iV^)R^K^] + V^V^ R^K^ 



T 



^(21/o + {\Vq\'' - l)e„+i) - iFoP 



Differentiating the second relation of (^5]) we get — ^/id_RiAo— -v/ii?i[ct;oAo— 2^i?Q (/i,„-)-Vbe^_^j)A(2Vb 



+ (|Fo|2 - l)e„+i)] - 2/i,„Vi?;(/i,„ -f e„+il/o-' )i?oMo = 
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/i?r(2yo + (|"K)r-l)e„+i)-|Voh 



l]RiSAi + 2Vl[eJ^_^_ly/R^{Il,n + en+iV^) — V^]RoSAo, or equivalently the Ricatti equation 
- dRi = RiLUo + 2/i.„^(/i,„ + en+iV;[)RaS - 2i?i,5i?^(/i,„ + Foe^+i)^i?i 

V ^ V ^ 



' ° e^+iVi?r(21^o + (|^oP-l)e„+i)-|l^oP-l 



(25) —2 ^^^= : — RnS 

^ ' i+^VR:{2v^ + m^-iyn+i)-\v^?-i 



in _Ri. 

Note that with M /i,„^(/i,„ + e„+iytf ), iV /i^„^(2Vo + (|l^oP - l)e„+i), 
W := (/i,„ + Voel+,)VR'zen+i - Vo, U := el+.VR'zi^Vo + (|VoP - l)e„+i) - l^oP - 1 we have 



dN = 2MdVo, dU = 2W^dVo, dM = CdV^, dW = cdVo and ^ can be written as 

-dRi = RiujQ + 2MRoS - 2RiSR^M^Ri + ^RiSR^W{A^ + N'^Ri) - ^{RiAo + N)W^Ro5. 

Imposing the dA condition on (|25p and using the equation itself we need = — [Riojq + 2MRq5 — 
2Ri5RlM^ R-y+^Ri5RlW{Al+N^ Ri)-^{RiAo+N)W^ Rf,5]A[uo~25RlMT Ri + ^5RlW{Al+ 
N^Ri)-^AoW^RoS]-Ri6R'^{2M^-^WN^)A[Riujo+2MRoS-2Ri6R'^M'^Ri+^RiSR'^W{A'^+ 
N^Ri)-^{RiAo + N)W^Ro5] + RidAujo + 2CdV^RoAd + 2MdRoAS-2RiSAR^dRoR'SM^Ri + 
2RiS A R^dVoC^Ri + ^RiS A R^dRoR^W{A^ + N^Ri) - ^RiSA R^dVaiAl + iV^i?i) - ^Ri5 A 
RlW{dAl + 2dV^M'^Ri) + -^Ri5 A RlW{Al + N'^Ri)W'^dVQ - ^{RidAo + 2MdVo)W^Ro A 
S - ^(i?iAo + N)cdV^Ro A5+ -^(RiA^ + N)W'^W'^ dV^R^ A5- ^{RiAq + N)W'^dRo AS = 
^[W^idVo-RoSAo)A[{RiAa+N)W^Rod-RiSR^W{A];+N^Ri)] + i\Ao\^-\N\^)RiSR^WW^RoA 
S] + ^[-cRiSRl A {dVo - RqS Aa){Al + N^Ri) - c(i?iAo + N){dVo - RoSAofRo A S - RiS A 
R^W[A^ujo + dA^ + 2{dVo - RoSAofM^Ri] + [i?i(cjoAo - dAo) + 2M{RoSAo - dVo)]W^Ro A 
S + (i?iAo + N)W^Rn{S A Wo - R'^dRo A S) - i?i(cjo A <5 - <5 A R'^dRo)R'^W{A^ + N^Ri) + 
2RiSR^iWN^M + M^NW^)Ro AS]- 2MRo{S Aloq- R^dR^ A Wq) + Ri[-loo A + d A - 
ASR'^M^MRo AS+iujo^S-SA R^dRo)R^M'^Ri] + 2C{dVo - RoSAofRo A5 + 2Ri5aR^ [dVo - 
i?o<5Ao)C^i?i. Using the fact that Vo, Ao, Rq are solutions of ^ we need = RiSRq[\Aq\'^ — 

Vo^) + N^M] + U[ih,n + ^06^+1)^(2^0 + 

{\Vo\^ - l)e„+i) + MTN]W^ ~ U^[M^M + (/i,„ + Voel+{)A{h,n + e^+iV^)]Ro A S; using \Ao\^ - 
\m' = -ildVoP + 1)' ~{U + |VoP + 1)2], (2Vo + (|VbP - l)e„+i)^A(/i,„ + e,,+,V,^) + N^M = 
-l[U{W + VoY + (l^oP + l)W^l M^M + (/i,„ + Foe^+i)A(/i,„ + e,,+iVo^ = il^ " WW^ - 
WV^ — VqW'^] this is straightforward. Therefore ((25)) is completely integrable and admits solu- 
tion for any initial value of If the initial value is orthogonal, we would like the solution to 
remain orthogonal: d{RiRl - /„) = dRiR^ + RidRf = -[Riujq + 2MRoS - 2RiSR^M^Ri + 
^RiSRlW{Al + N'^Ri) - ^(i?iAo + N)W'^ RoS]Rl ~ Ri[-ujqRJ + 2SR^M'^ - 2RJMRoSRJ + 
^iAo+RfN)W^Ro5Rj~^SR^WiA^Rf + N^)] = 2{RiRf-I„)MRoSRl + 2RiSR^M^iRiRl- 
In) - jjRiSRlWN'^iRiRl - In) - jjiRiRl - In)NW^RoSRl, so RiRf - /„ is a solution of a 
linear differential equation and remains if initially it was 0. The fact that Ri is itself a solution 
of ^ follows from the symmetry (0, ^/z) <-> (1, —\fz) and the fact that d A di?o = (basically we 
use the converse of the proven results). 

We shall now show that the facets dx^, rigidly transported by rolling to facets centered at x\ 
when rolls on a;Q, will cut the tangent spaces of x\ along rulings. 

In this case it is useful to extend the orthonormal normal frame with a column vector on 
the left and call the extended 'orthonormal normal frame' thus obtained still orthonormal frame; 
all computations will remain valid as long as one uses transpose instead of inverse. The facet dx^ 
wiU be transported to the facet dx\ + N°{dN°)'^{xl - xg) + 2^[0 N° e„+2 ... e2„-i] = 
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... xl^] + ^X^VR'z[X,,i ... Xi,.] + 2yi[0 TVO e„+2 ... e2n-i]jy^)dVi, dVi = 

^ I I ' I ' + ^ ^ i^i (5i?g^ (Xf /Rr[Xo^i ... Xo^^"])'^, where M C 0„(C) is determined up to mul- 

tiplication on the left with an orthogonal matrix which fixes ei (due to the indeterminacy of 

the rolimg m the normal bundle) by M ei — ±i 2^zH (because ot the 

4z(ejMdVif _ ujatO\T/^1 J\i2 _ 1 / vT 



ACPIA requirement Yv\\^+iy^ = -[{dN^Vixl - x%)f = -^^^(X^ - X^,^\dV^f). 
The vectors of the facet are obtained by replacing 8 with diagonal constant matrices A; let 
A' avLMa^i?iAi?^(Xf V^[Xo,i ... Xo.j])^. Thus we need ejAfA' = 0, j = 3, ...,n, 

so MA' = e^MA'ei + ejMA'e2; from {NlY w = we obtain e^MA' = ±ief MA'; after scaling 
we obtain w = ±\x\^x ■■■ a;J„„](ei ± «M^e2). Now the condition w^AR^^w — that w is a ruhng 

on xl becomes |ei ± iM^e2p — and it is thus satisfied. 

The W congruence property follows in a manner similar to the (I)QWC case. 

6. The Bianchi Theorems on confocal quadrics 

6.1. The Ivory afiinity provides a rigid motion. 

6.2. The second iteration of the tangency configuration. 

6.3. Mobius configurations. 

6.4. Homographies and confocal quadrics. 
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